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Abstract−The Dufour and Soret effects on the unsteady laminar free convective flow with mass transfer flow past
a semi-infinite isothermal vertical cylinder were studied numerically. The governing partial differential equations were
converted into a non-dimensional form and solved numerically by applying a Crank-Nicolson type of implicit finite-
difference method with a tri-diagonal matrix manipulation and an iterative procedure. For the hydrogen-air mixture,
which is a non-chemical reacting fluid, the profiles of the unsteady dimensionless velocity, temperature and con-
centration are shown graphically for the different values of thermal and mass Grashof numbers, thermal diffusion pa-
rameters (Soret numbers) and diffusion-thermo parameters (Dufour numbers). Finally, the simulated values of the aver-
age skin-friction coefficient, the average Nusselt number and the average Sherwood number are presented. The nu-
merical results reveal that for an increasing Soret number or decreasing Dufour number, the time to reach the temporal
maximum and the steady-state decreases for the flow variables. As the Soret number increases or the Dufour number
decreases, both the skin friction and the Sherwood number increase, whereas the Nusselt number decreases.
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INTRODUCTION

Combined heat and mass transfer in natural convection flow over
a vertical cylinder is an important problem due to its important en-
gineering applications, such as chemical and drying processes. Sev-
eral steady state analyses for the flow over the vertical cylinder can
be found in the literature. Bottemanne [1] studied the combined heat
and mass transfer in the steady laminar boundary layer of a vertical
cylinder placed in still air. The natural convection flows adjacent to
the vertical surface, which result from the combined buoyancy ef-
fects of thermal and mass diffusion, were investigated by Gebhart
and Pera [2]. Chen and Yuh [3] considered the steady heat and mass
transfer processes near a vertical cylinder with uniform wall heat
and mass fluxes. Their numerical solutions covered a wide range
of radii and Prandtl numbers. While the steady-state analysis for
the flow over a cylinder has been studied in detail, the transient anal-
ysis has also been paid attention to. Goldstein and Briggs [4] carried
out the one-dimensional analytical study of transient natural con-
vection from infinite cylinders. Dring and Gebhart [5] presented
experimental results of the transient average temperature of Nichrome
wires in silicone oils and in air. Subsequently, Velusamy and Garg
[6] solved numerically the transient boundary layer equations for
free convection flow past the heat generating vertical cylinder. The
rate of propagation of the leading edge effect was given special con-
sideration by them.

The previous studies, dealing with the transport phenomena of
momentum and heat transfer, dealt with one component phases which
possess a natural tendency to reach equilibrium conditions. How-

ever, there are activities, especially in industrial and chemical engi-
neering processes, where a system contains two or more components
whose concentrations vary from point to point. In such a system
there is a natural tendency for the mass to be transferred and to min-
imize the concentration differences within the system. When heat
and mass transfer occur simultaneously in a moving fluid, the rela-
tions between the fluxes and the driving potentials are of a more
intricate nature. It has been found that an energy flux can be gen-
erated not only by temperature gradients but also by composition
gradients. The energy flux caused by a composition gradient is called
the Dufour or diffusion-thermo effect. On the other hand, mass flux
can also be produced by temperature gradients and this is the Soret
or thermal-diffusion effect. In general, the thermal-diffusion and the
diffusion-thermo effects are of a smaller order of magnitude than
the effects described by Fourier’s law or Fick’s law and are often
neglected in the heat and mass-transfer processes. However, there
are some exceptions. Anghel et al. [7], Dursunkaya and Worek [8],
Eckert and Drake [9] and Postelnicu [10] have shown that the dif-
fusion-thermo effect was recently found to be of a magnitude that
cannot be neglected. The thermal-diffusion effect, for instance, has
been utilized for isotope separation, and in mixture between gases
with very light molecular weight (H2, He) and of medium molecu-
lar weight (N2, air).

Seddeek [11] has investigated the problem of thermal-diffusion
and diffusion-thermo effects on the mixed free-forced convection and
mass transfer in the presence of suction and blowing. Also, Eldabe
et al. [12] have studied these effects for non-Newtonian fluid with
the temperature dependent viscosity. Alam et al. [13] have studied
the Dufour and Soret effects on steady MHD free convective heat
and mass transfer flow past a semi-infinite vertical porous plate em-
bedded in a porous medium. Salem [14] has also considered the
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thermal-diffusion and diffusion-thermo effects on the convective
heat and mass transfer in a viscoelastic fluid flow through a porous
medium over a stretching sheet.

From the previous studies it can be noticed that generally less
attention was paid to the problem of unsteady natural convection
along a vertical cylinder under the combined heat and mass trans-
fer flow with Soret and Dufour effects. Hence, the objective of the
present work is to investigate the thermal-diffusion and diffusion-
thermo effects on the unsteady laminar free convective and mass
transfer boundary-layer flow along the vertical semi-infinite iso-
thermal cylinder. In the present analysis, consideration is given to
the situation in which the surface of the cylinder is maintained at a
uniform temperature and concentration.

In Section 2 the mathematical formulation of the problem is pres-
ented. Also, the equations of mass, momentum, energy and species
concentration for the incompressible fluid flow past a semi-infinite
vertical cylinder are detailed in this section. The governing equa-
tions are first transformed into a non-dimensional form and then
they are solved by an implicit finite-difference method, which is
detailed in section 3. To support the current numerical calculations,
corroborative evidence is provided in the results and discussion sec-
tion, section 4. Numerical calculations are carried out for a hydro-
gen-air mixture, which has been selected as non-chemically react-
ing fluid pair. Emphasis has been placed on the influence of the di-
mensionless parameters such as Du (Dufour number), So (Soret
number), Gr (thermal Grashof number) and Gc (mass Grashof num-
ber) on the flow field variables and heat and mass transfer coeffi-
cients. Finally, the concluding remarks are made. The analysis of
the results revealed that the flow field is appreciably influenced by
the abovementioned parameters.

FORMULATION OF THE PROBLEM
AND GOVERNING EQUATIONS

An unsteady two-dimensional laminar combined heat and mass

transfer boundary layer flow of a viscous incompressible fluid past
an isothermal semi-infinite vertical cylinder of radius r0 is consid-
ered as shown in Fig. 1. The x-axis is measured vertically upward
along the axis of the cylinder. The origin of x is taken to be at the
leading edge of the cylinder, where the boundary layer thickness is
zero. The radial coordinate r is measured perpendicular to the axis
of the cylinder. Initially, at time t'=0, it is assumed that the cylinder
and the fluid are at the same surrounding ambient temperature T'∞
and concentration C'∞. When t'>0, the temperature and concentra-
tion of the cylinder are maintained to be at T'w (>T'∞) and C'w (>C'∞),
respectively. It is assumed that the effect of viscous dissipation is
negligible in the energy equation. The concentration C' of the dif-
fusing species is assumed very small in the binary mixture and there
is no chemical reaction between the diffusing species and the fluid.
With the Boussinesq approximation and the above assumptions,
the transient natural convection boundary layer equations are writ-
ten as

(1)

(2)

(3)

(4)

where u and v are the velocity components parallel to x and r coordi-
nates, respectively, g the acceleration due to gravity, β is the volu-
metric coefficient of thermal expansion, β* is coefficient of expansion
with concentration, υ is the reference kinematic viscosity, α the ther-
mal diffusivity, Dm the coefficient of mass diffusivity, T'm the mean
fluid temperature, kT the thermal diffusion ratio (i.e., thermal to mass
concentration diffusion coefficients), cp the specific heat at constant
pressure and cs the concentration susceptibility.

The last term on the right-hand side of the energy Eq. (3) and
the diffusion Eq. (4) signifies the Dufour or diffusion-thermo effect
and the Soret or thermal-diffusion effect, respectively.

The initial and boundary conditions are given by

t'≤0: u=0, v=0, T'=T'∞, C'=C'∞ for all x and r
t'>0: u=0, v=0, T'=T'w, C'=C'w at r=r0

t'>0: u=0, v=0, T'=T'∞, C'=C'∞ at x=0
t'>0: u→0, v→0, T'→T'∞, C'→C'∞ as r→∞ (5)

The non-dimensional variables are defined as

(6)

and the non-dimensional parameters are defined as
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Fig. 1. Schematic of the investigated problem.
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 (Prandtl number)

 (Schmidt number)

 (Soret number)

 (Dufour number) (7)

By introducing the above non-dimensional Eqs. (6) and (7) into
the Eqs. (1)-(4), they are reduced to the following form.

(8)

(9)

(10)

(11)

The corresponding initial and boundary conditions in the non-dimen-
sional quantities are given by

t≤0: U=0, V=0, T=0, C=0 for all X and R
t>0: U=0, V=0, T=1, C=1 at R=1
t>0: U=0, V=0, T=0, C=0 at X=0
t>0: U→0, V→0, T→0, C→0 as R→∞ (12)

NUMERICAL SOLUTION OF THE PROBLEM

To solve the unsteady coupled non-linear governing Eqs. (8)-
(11) an implicit finite difference scheme of Crank-Nicolson type
has been employed. The finite difference equations corresponding
to Eqs. (8)-(11) are as follows:

(13)

(14)

(15)

(16)

The region of integration for the present problem is considered
as a rectangle composed of the lines indicating Xmin=0, Xmax=1, Rmin=
1 and Rmax=16. Note that the non-dimensional axial position X is
expressed as in Eq. (5). Here Xmax=1 is chosen arbitrarily. The Rmax=
16 practically corresponds to R=∞, which lies far from the momen-
tum and energy boundary layers. In the above Eqs. (13)-(16) the
subscripts i and j designate the grid points along the X and R coordi-
nates, respectively, where X=i∆X and R=1+(j−1)∆R and the su-
perscript k designates a value of the time t (=k∆t), with ∆X, ∆R
and ∆t denoting the mesh sizes in the X, R and t axes, respectively.
To obtain an economical and reliable grid system for the computa-
tions, a grid independence test has been performed. The steady-state
velocity and temperature values obtained with the grid system of
100×500 differ in the second decimal place from those with the
grid system of 50×250, and differ in the fifth decimal place from
those with the grid system of 200×1,000. Hence the grid system of
100×500 has been selected for all subsequent analyses, with ∆X=
0.01, ∆R=0.03. Also, the time step size dependency has been carried
out, which yields ∆t=0.01 for reliable result.

From the initial conditions given in Eq. (12), the values of veloc-
ity U, V, temperature T and concentration C are known at time t=
0, then the values of C, T, U and V at the next time step can be cal-
culated. Generally, when the above flow variables are known at t=
k∆t, the value of these variables at t=(k+1)∆t is calculated as fol-
lows. The finite difference Eqs. (14), (15) and (16) at every internal
nodal point on a particular i-level constitute a tri-diagonal system
of equations. Such a system of equations is solved by Thomas algo-
rithm (Carnahan et al. [15]). At first, the concentration C is calcu-
lated from Eq. (16) at every j nodal point on a particular i-level at
the (k+1)th time step. Then, the temperature T is calculated from
Eq. (15) at every j nodal point on a particular i-level at the (k+1)th
time step, by using the updated values of concentration. By mak-
ing use of these known values of C and T, the velocity U at the (k+
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1)th time step is calculated from Eq. (14) in a similar manner. Thus,
the values of C, T and U are known at a particular i-level. Then the
velocity V is calculated from Eq. (13) explicitly. This process is
repeated for the consecutive i-levels. Thus, the values of C, T, U
and V are known at all grid points in the rectangular region at the
(k+1)th time step. This iterative procedure is repeated for the suc-
cessive time steps until the steady-state solution is reached.

To avoid the divergence of the solutions, the under-relaxation
method is employed during the iterative process for all the flow var-
iables. At the (k+1)th time step the values of U, V and T are obtained
from the following equation.

(16)

where pU, pV, and pT denote the under-relaxation factors for U, V
and T, respectively. The steady-state solution is assumed to have
been reached when the absolute difference between the values of
velocity as well as temperature at two consecutive time steps is less
than 10−5 at all grid points.

The local truncation error is O(∆t2+∆R2+∆X) and it tends to zero
as ∆t, ∆R and ∆X tend to zero, which shows that the system is com-
patible. Also, the Crank-Nicolson type of implicit finite difference
scheme is proved to be unconditionally stable for a natural convec-
tive flow where there is always a non-negative value of axial veloc-
ity (U) and a non-positive value of radial velocity (V) (Ganesan and
Rani [16]). Thus, the currently employed scheme ensures conver-
gence. The computations for the current problem have been carried
out on an Intel Pentium 4 CPU 3.20 GHz computer system for
different values of the parameters for the Dufour and Soret effects.

RESULTS AND DISCUSSION

To get an insight into the physical situation of the problem, the
numerical values of the velocity, temperature and concentration are
calculated for the different values of dimensionless parameters. The
dimensionless numbers Du (Dufour number) and So (Soret num-
ber), which represent the diffusion-thermo and thermal-diffusion ef-
fect, respectively, can take, by their definition, arbitrary values, pro-
vided that the value of their product is kept to be constant (Kafous-
sias and Williams [17]). So, for the problem under consideration
their product is assumed to be constant (=0.6), provided that the
mean temperature T'm and the reference temperature T'∞ are kept
constant. The influences of the dimensionless parameters Gr, Gc,
So and Du on the flow field are analyzed for Pr=0.71 (air) and for
Sc=0.22. The value of the Schmidt number is chosen to represent
hydrogen in the air at approx. 25 oC and 1 atm (Gebhart [18]). The
dimensionless parameters Gr and Gc take the values 5, 10 and 15
in the present calculations.

The present numerical results are validated by comparing them
with the available steady state results. In Figs. 2 and 3 the present
temperature and concentration profiles and the local Nusselt (Nu)
and Sherwood (Sh) numbers, respectively, are compared with those
of Chen and Yuh [3] for Gr=Gc=10, Pr=0.7, Sc=0.2, So=0.0 and
Du=0.0. The agreement between the previous results and the pres-
ent numerical results is found to be good.

The simulated transient dimensionless velocity, temperature and
concentration variations at the different locations for Gr=Gc=10,
Du=0.15 and So=0.4 is presented in Figs. 4-6, respectively, against
the dimensionless time. It is observed that at all the locations the

Uk+1 =new( )
 = Uk

 + pU Uk+1− Uk( )

Vk+1 =new( )
 = Vk

 + pV Vk+1− Vk( )

Tk+1 =new( )
 = Uk

 + pT Tk+1− Tk( ) ⎭
⎪
⎬
⎪
⎫

Fig. 2. Comparison of the temperature and concentration profiles.

Fig. 3. Comparison of the Nusselt (Nu) and Sherwood number (Sh).
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velocity, temperature and concentration increase with time, reach
the temporal maximum, then decrease and after slight fluctuation
reach the asymptotic steady-state. The velocity, temperature and
concentration profiles increase with the increasing axial position.
From Figs. 5 and 6 it can be observed that at the beginning there is
no difference in the temperature and concentration profiles for the
radial positions, respectively, with respect to the time. These results
imply that at the beginning the conduction and diffusion are domi-
nant in the flow field.

The simulated transient dimensionless velocity, temperature and
concentration variation for different parameters are shown in Figs.
7-9, respectively, against the time. For all values of the dimension-
less parameters the velocity increases with time, reaches the tem-

poral maximum, then decreases and after slight fluctuation reaches
the asymptotic steady-state. It can be noted that the temporal max-
imum and steady-state values of the velocity increase with increas-
ing values of Gr and Gc. Since the energy and concentration equa-
tions are independent of Gr and Gc except for the Dufour number
and Soret number, the temperature and concentration profiles are
shown only for different Du and So combinations with fixed values
of Gr=Gc=10. As seen from Figs. 7-9 the temporal maximum and
the steady state values of velocity and concentration are increasing
but those of temperature are decreasing with increasing So. But the
opposite trend is observed for the increasing Du. It can be noticed
that the influence of Du and So is considerably noticeable on the
transient velocity and concentration in comparison with the tran-

Fig. 4. The transient velocity at different locations with respect to
time for fixed values of dimensionless parameters.

Fig. 5. The transient temperature at different locations with respect
to time for fixed values of dimensionless parameters.

Fig. 7. The transient velocity for different dimensionless parame-
ters with respect to time at (1.0, 1.6).

Fig. 6. The transient concentration at different locations with re-
spect to time for fixed values of dimensionless parameters.
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sient temperature.
Figs. 10-12 depict the steady-state velocity, temperature and con-

centration profiles against the radial coordinate for different param-
eters. With the increasing radial position the velocity increases and
reaches the maximum value and then decreases monotonically. The
temperature and the concentration profiles decrease with the radial
position monotonically. It can be observed that the steady-state veloc-
ity increases as Gr and Gc increases. As shown, in these Figs. 10-
12 the velocity and the concentration are increasing with the increas-
ing So, but the temperature decreases as So increases. This behav-
ior is a direct consequence of the Soret effect, which produces a
mass flux from lower to higher solute concentration driven by the
temperature gradient. Also, when So is high enough, the thermal

and the solutal buoyancy forces combine their actions to enhance
the convection velocity, which leads to the increase in the velocity
of the fluid.

In Tables 1-3 the time for the flow variables U, T and C to reach
the temporal maximum and the steady-state is tabulated with dif-
ferent Gr, Gc and So and Du combination, respectively. From Tables
1 and 2 it can be observed that with the increasing values of Gr and
Gc the time for all the flow variables to reach the temporal maxi-
mum decreases, while the time to reach the steady state increases
for increasing Gr and for decreasing Gc. From Table 3 it is observed
that for the decreasing So or increasing Du, the time to reach the
temporal maximum of the flow variables and the steady-state in-

Fig. 8. The simulated transient temperature profiles for different
dimensionless parameters with respect to time at (1.0, 1.3).

Fig. 10. The steady-state velocity profiles for different dimension-
less parameters with respect to the radial coordinate at X=
1.0.

Fig. 9. The transient concentration profiles for different dimen-
sionless parameters with respect to time at (1.0, 1.3). Fig. 11. The steady-state temperature profiles for different dimen-

sionless parameters with respect to radial coordinate.
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creases slightly.
For engineering purposes, one is usually more interested in the

values of the skin-friction coefficient, heat transfer rate and mass
transfer rate than in the velocity, temperature and concentration pro-
files. For the present problem these skin-friction coefficient, heat trans-
fer rate and mass transfer rate are derived in the following equations.

The wall shear stress at the wall can be expressed as

(17)

By introducing the non-dimensional quantities given in Eqs. (6)
and (7) in the above Eq. (17), we get

(18)

Considering µ2/ρr0
2 to be the characteristic shear stress, then the

skin-friction coefficient can be written as

(19)

The integration of the Eq. (19) from X=0 to X=1 gives the follow-
ing average skin-friction coefficient.

(20)

The Nusselt number can be written as follows:

(21)

where the heat transfer 

Thus, with the non-dimensional quantities introduced before, Eq.
(21) can be written as

(22)

The integration of the above Eq. (22) with respect to X yields the
following average Nusselt number.

(23)

The Sherwood number can be written as follows:

(24)

where the mass transfer 

Thus, in the same way Eq. (24) can be written as

(25)τw = µ∂u
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2
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R=1
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∂U
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0

1

∫
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•
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∂C
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⎛ ⎞

R=1

Fig. 12. The steady-state concentration profiles for different dimen-
sionless parameters with respect to radial coordinate.

Table 1. Time (t) to reach the temporal maximum of velocity (U),
temperature (T) and concentration (C) and the steady state
for different values of Gr with Gc=10, So=0.15 and Du=
0.4

Gr
Temporal maximum (t) of Steady state time

(t)U T C
05 1.36 1.29 1.30 7.94
10 1.25 1.18 1.20 8.06
15 1.18 1.11 1.12 8.16
20 1.10 1.04 1.06 8.23

Table 2. Time (t) to reach the temporal maximum of velocity (U),
temperature (T) and concentration (C) and the steady state
for different values of Gc with Gr=10, So=0.15 and Du=
0.4

Gc
Temporal maximum (t) of Steady state time

(t)U T C
05 1.36 1.35 1.36 8.79
10 1.25 1.18 1.20 8.06
15 1.14 1.08 1.09 7.73
20 1.06 1.01 1.01 7.52

Table 3. Time (t) to reach the temporal maximum of velocity (U),
temperature (T) and concentration (C) and the steady state
for different So and Du combinations with Gc=Gr=10

So Du
Temporal maximum (t) of Steady state time

(t) U T C
2.00 0.0300 1.24 1.15 1.16 7.69
1.60 0.0375 1.25 1.16 1.17 7.77
1.20 0.0500 1.25 1.17 1.17 7.86
0.80 0.0750 1.26 1.18 1.18 7.96
0.50 0.1200 1.27 1.18 1.19 8.04
0.40 0.1500 1.27 1.18 1.19 8.06
0.20 0.3000 1.27 1.19 1.19 8.08
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The integration of the above Eq. (25) with respect to X yields the
following average Sherwood number.

(26)

The derivatives involved in the Eqs. (20), (23) and (26) are eval-
uated by using a five-point approximation formula and then the in-
tegrals are evaluated with the Newton-Cotes closed integration for-
mula. The simulated non-dimensional average skin-friction coeffi-
cient ( ), the average heat transfer rate ( ) and the average mass
transfer rate ( ) have been plotted against the time in Figs. 13-15,
respectively, for different non-dimensional parameters. It is seen
from these figures that either by increasing So or by decreasing Du,
the value of average skin-friction coefficient is increasing, while the
values of average Nusselt number and Sherwood number are de-

creasing. Further, increasing either of Gr or Gc causes  to
increase, which is in line with the velocity profiles plotted in
Fig. 10.

From Fig. 13 it can be seen that for all dimensionless parame-
ters,  increases monotonically from zero, attains the temporal max-
imum and after slight fluctuation reaches the asymptotic steady-
state value. Fig. 14 shows that the average Nusselt number, at the
beginning, decreases drastically and increases again, after slight fluc-
tuation reaches the steady state. Also, from Fig. 15 the  decreases
monotonically, then after slight fluctuation, reaches the asymptotic
steady state.

CONCLUSIONS

The problem of thermal-diffusion and diffusion-thermo effects
on the convective heat and mass transfer in a hydrogen-air mixture
fluid past the semi-infinite vertical cylinder has been investigated
numerically. A Crank-Nicolson type of the implicit method is used
to solve the dimensionless governing equations in a meridian plane.
The effects of different parameters such as Soret number, Dufour
number, thermal Grashof number (Gr) and mass Grashof number
(Gc) on the velocity, temperature and concentration profiles are ana-
lyzed. The following points were noticed from the present simu-
lated results.

With the increasing values of Gr or Gc, the time to reach the tem-
poral maximum of all the flow variables decreases, while the time
to reach the steady state increases for increasing Gr or decreasing
Gc. An increase in the values of Gr or Gc results in an increase in
the velocity profiles. For the increasing Soret number or the decreas-
ing Dufour number, the time to reach the temporal maximum of
the flow variables and the steady-state decreases. Also, with the in-
creasing Soret number or the decreasing Dufour number, the veloc-
ity and the concentration profiles are increasing, but the tempera-
ture decreases. The influence of Soret number or the Dufour num-
ber is less on the temperature profiles in comparison with the veloc-
ity and concentration profiles. The concentration and Sherwood num-

Sh = − 
∂C
∂R
-------⎝ ⎠
⎛ ⎞

R=1

dX
0

1

∫

Cf Nu
Sh

Cf

Cf

Sh

Fig. 15. The average Sherwood number with respect to time.

Fig. 13. The average skin-friction coefficient with respect to time.

Fig. 14. The average Nusselt number with respect to time.
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ber are more affected by Soret number. As the Soret number in-
creases or Dufour number decreases, both the skin friction and the
Sherwood number increase, whereas the Nusselt number decreases.

From the present study, it is observed that the thermal-diffusion
and diffusion-thermo effects have to be considered in the heat and
mass transfer problems, otherwise they will introduce a substantial er-
ror. These secondary effects along with the thermal and mass Grashof
numbers of a working fluid have turned out to be sensitive in a na-
tural convection heat and mass transfer problem. Hence, these ef-
fects have to be taken into consideration in order to predict the skin
friction coefficient, heat transfer rate and mass transfer rate accu-
rately.
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